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1 Introduction




$-\triangle u$ $=$ $\lambda u+u|u|^{2}\mathrm{r}-2$ in $\Omega$
$u$ $=$ $0$ on $\partial\Omega$
:
Theorem 1.1 (Main Theorem)
$N\geq 4_{\text{ }}d$ $N\geq d\geq 1$ $\Omega_{d}\subset \mathrm{R}^{a}$ $\mathrm{R}^{ct}$ $\Omega=\Omega_{d}\cross \mathrm{l}\mathrm{R}^{n}-a\subset$
$1\mathrm{R}^{n}$ $\mathrm{R}^{n}$





$M=\{u\in H_{0}^{1}(\Omega)|||u||_{2^{*}}=1\}$ $I_{\lambda}(u)= \int_{\Omega}(|\nabla u|^{2}-\lambda u)dx$ nimizer
Lagrange rninimizer
$(\mathrm{V}\mathrm{P})$
1025 1998 20-34 20
1.1
$[5, 6]$ :
$\bullet$ standing wave solution, traveling wave solution





$(\mathrm{B}\mathrm{N})$ noncompact variational problem
$X$ $J\in C^{1}(X)$ ( $J$ $X$
critical point ) $J$
Palais-Smale
$(u_{n})\subset X$ (un)\rightarrow c $\neq\pm\infty,$ $(d\text{ })_{u_{n}}arrow 0$ (Palais-Smale
) $(u_{n})$ $X$ $\square$
critical point Palais-Smale
Palais-Smale critical point













[7, 81 ( 2 harmonic map 4
Yang-Mills constant rnean curvature
)
$(\mathrm{B}\mathrm{N})$ bubbling phenomena





Step 2. Step 1 Palais-Smale






concentration-conpactness principle [16, 17, 18, 19]
critical
concentration-compactness principle at infinity $[11,4]$
5
2 Bubbling Phenomena
$I_{\lambda}$ Palais-Smale (limitting problem)
:
(L) $\{$
$-\triangle u$ $=$ $u|u|^{2^{*}2}-$ in $\mathrm{R}^{N}$





























Proposition 2.1 Palais-Smale minimizing sequence
:
$w\in D^{1,2}(\mathrm{R}^{N})$ $I_{\infty}(u)$ minimizer ( minimizer
$[23, 18])$
1. Effect of dilation:
$\epsilon_{n}arrow 0(narrow\infty)$ $(\epsilon_{n})\subset \mathrm{R}+$
$(\hat{w}_{\epsilon_{n},0})$ $I_{\infty}(u)$
lninimizing sequence $narrow\infty$ $(\hat{w}_{\epsilon_{n}},0)$ $\delta$
concentrate $(\hat{w}_{\epsilon_{n},0})$ $D^{1,2}(\mathrm{R}^{N})$
23
2. Effect of translation:
$|y_{n}|arrow\infty(narrow\infty)$ $(y_{n})\subset]\mathrm{R}^{N}$ $(\hat{w}_{1,y_{n}})$ $I_{\infty}(u)$
minimizing sequence $narrow\infty$ $(\hat{w}_{1,y_{n}})$
$(\hat{w}_{1.y_{n}})$ $D^{1,2}(1\mathrm{R}^{N})$
3. Eflect of dilation-translation:
1, 2 $(\hat{w}_{\epsilon_{n},y_{n}})$ $D^{1,2}(\mathrm{R}^{N})$ $(|y_{7l}|arrow\infty$
$(\epsilon_{n})$ )
$I_{\infty}(u)$ dilation-translation invariance Palais-Smale
$I_{\infty}(u)$ dilation-translation invariance Palais-
Smale minimizing sequence
[ $3|$ $I_{\infty}(u)$ Palais-Smale
2.2 Original Problem
$I_{\infty}(u)$ $I_{\lambda}(u)$
$\bullet$ lower term $\lambda u$ dilation-invariance
$\bullet$










2 $I_{\lambda}$ Palais-Smale I\infty --
$I_{\infty}(u)$ minimizer $I_{\lambda}(u)$ minimizer
$\Omega$ :
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Proposition 31 (Nonexistence: Pohozaev [20])
$\Omega$ \Delta u $=u|u|^{2^{*}-2}$ in $\Omega$
( ) dilation-invariance minimizing sequence
concentration minimizer (2 effrect of
dilation )
2 lower term Palais-Srnale
([1] ) :
Proposition 3.2 (Efect of geometry: Kazdan-Warner [15])
$\Omega$ $-\triangle u=u|u|^{A}\tau-\angle$ in $\Omega$
Proposition 3.1 $-\triangle u=u|u|2^{*}-2$
( ) dilation concentration
Proposition 3.3 (Effect of lower term: Brezis-Nirenberg [9])
$\Omega$ $0<\lambda<\lambda_{1}$ $-\triangle u=\lambda u+u|u|^{l}--z$ in $\Omega$
Brezis-Nirenberg :
Lemma 3.1 ([9])
$S= \inf_{Iu\in\Lambda/\infty}I_{\omega}(u)$ (Sobolev $H^{1}\subset L^{2^{*}}$ )1 $S_{\lambda}= \inf_{u}I_{\lambda}(u)$
$0<\lambda<\lambda_{1}$ $S_{\lambda}<S$ $\square$
Proposition 33 $\lambda=0$ $M$ (critical





Proposition 3.4 (Nonexistence: T. Hashimoto-Otani [13])
$\Omega_{d}$
$1\mathrm{R}^{a}$ $-\triangle u=u|u|l^{-}-l$ in $\Omega_{d}\cross \mathrm{R}\mathit{1}\mathrm{V}-a$
:
25
Proposition 3.5 (Effect of geometry: Ishiwata-Otani [14])
$\Omega_{d}$




4 Concentration-Compactness Principle at Infinity
4.1. Palais-Smale




4.1.1 concentration-compactness type argument
Palais-Smale
$I_{\lambda}(u)$ minimizing sequence $(u_{n})$ $H_{0}^{1}(\Omega)$
Sobolev $u_{n}arrow u$ in $L^{2^{*}}(\Omega)$ $u\in H_{0}^{1}(\Omega)$ $L^{2^{*}}- \mathrm{n}\circ \mathrm{r}\mathrm{n}1$
( ) $1=1\mathrm{i}_{\mathrm{l}}\mathrm{n}narrow\infty||u_{n}||_{2^{*}}\geq||u||2^{*}$







P. L. Lions concentration-compactness lemma I, II [16, 17, 18, 19]
(4.2 )
4.1.2 global compactness type argument
2
$\bullet$ $I_{\lambda}(u)$ Palais-Smale $I_{\infty}(u)$ Palais-Smale
26
$\bullet$ $I_{\infty}(u)$ Palais-smale 1. dilation concentrate









concentration-copactness type argument – Palais-Smale –
$D_{0}^{1,2}$ – global com-
pactness type argument rninimizing problem







2 concentration-compactness type argument










P. L. Lions concentration-compactness lennna II :
Lemma 4.1 (concentration-compactness lelnlna II [18, 19])
$(u_{n})\subset D^{1,2}(\mathrm{R}^{N})$ $u_{n}arrow u$ weakly in $D^{1_{:}2}(\mathrm{R}^{N})$ $(1\mathit{1},)n$
:
$S\subset \mathrm{R}^{N}\text{ }S$ positive weights $(\nu_{Ji_{J}}, \mu x_{J})_{x_{J}\in S}i$
nonnegative Radon measures $\nu,$ $\mu$ :
1. $|u_{n}|^{2^{*}}arrow\nu$ $\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{k}\mathrm{l}\mathrm{y}^{*}$ in $\mathcal{M}(\mathrm{R}\mathit{1}\mathrm{v})$ ,
2. $|\nabla u_{n}|^{2}-\mu$ $\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{k}\mathrm{l}\mathrm{y}*\mathrm{i}\mathrm{n}\mathcal{M}(\mathrm{R}^{N})$ ,
3.
$\nu=|u|^{2^{*}}+\sum_{x_{j}\in S}\nu_{x_{J}}\delta x_{J}$ ’
4.
$\mu\geq|\nabla u|^{2}+\sum_{xj\in S}\mu x_{j}\delta_{x_{\mathrm{J}}}.$
,
5. $S.\nu^{\frac{2}{r^{2^{*}},j}}\leq\mu_{x_{j}}$ .
– leaking out concentration-compactness lemma I :
Lemma 4.2 (concentration-compactness lemnra I [16, 17])
$(\mu_{n})$
$\mathrm{R}^{N}$ nonnegative probability rneasure $(\mu_{n})$
:
1. compactness: $(x_{n})\subset \mathrm{R}^{N}$ $\epsilon$ $R$
$\ovalbox{\tt\small REJECT}_{()}x_{n};R\mu dn\geq 1-\epsilon$
2. vanishing: $R>0$ $\lim_{narrow\infty}(_{x\in}\sup_{\mathrm{R}^{N}}\int_{B}(x;R)d\mu n)=0$
3. dichotomy: $0<\lambda<1$ $\lambda$ $\epsilon$ $R$ $(x_{n})\subset \mathrm{R}^{N}$
:
$R’>R$ nonnegative probability measures $\mu_{n}^{1},$ $\mu_{n}^{2}$
$0\leq\mu_{n}^{1}+\mu^{2}n\leq 1$ ,
supp $(\mu_{n}^{1})\subset B(x_{n} ; R),$ $supp(\mu_{n}^{2})\subset \mathrm{I}\mathrm{R}^{N}\backslash B(Xn)$. $R$ ),
$1 \mathrm{i}\mathrm{n}\mathrm{l}\sup_{narrow\infty}(|\lambda-\int_{\mathrm{R}^{N}}d\mu_{n}^{1}|+|(1-\lambda)-\int_{\mathrm{R}^{N}}d\mu_{n}^{2}|)\leq\epsilon$.







CCL I CCL $L^{2^{*}}$ -density
concentration-compactness prin-
ciple at infinity $S_{\lambda}$ :
Proposition 4.1 (Concentration-Compactness Principle at Infinity [11, 4])
$(u_{n})\subset H_{0}^{1}(\Omega)$ $u_{n}-u$ weakly in $H_{0}^{1}(\Omega)$ $(u_{n})$
:
$S\subset\overline{\Omega}_{\text{ }}s$ positive weights $(\nu_{Ji_{J}}, \mu_{x_{\mathrm{J}}})_{x\in 2}\mathrm{J}S$
nonnegative numbers $v_{\infty},$ $\mu_{\infty}$ :
1.
$\lim_{narrow\infty}||u_{n}||_{2}2^{*}*=||u||_{2}2^{*}*+\sum_{xj\in S}\mathcal{U}_{x_{J}}.+\mathcal{U}\infty’$ .
2. $\lim_{narrow\infty}(||\nabla u|n|^{2}2-\lambda||u_{n}||_{2}^{2})\geq(||\nabla u||_{2}^{2}-\lambda||u||_{2}^{2})+\sum_{x_{j}\in s}\mu_{x_{\mathrm{J}^{+}}}\mu_{\infty}\lambda$,
3. $\nu_{x_{J}}=\lim_{\epsilonarrow 0n}\limarrow\infty\int_{\Omega\cap B(;\epsilon}x_{r}$
)
$|u_{n}|2^{*}d_{X}$ , $\mu_{x_{J}}=\lim_{\epsilonarrow 0n}\limarrow\infty\int_{\Omega\cap B}(x;g\epsilon)|\nabla u_{n}|2dX$,
4. $\nu_{\infty}.=\lim_{Rarrow\infty^{narrow}}1\mathrm{i}\ln\int_{\Omega}\infty\cap\{.|x|>R\}|^{2^{*}}|und_{X}$ , $\mu_{\infty}^{\lambda}=\lim_{Rarrow\infty}\lim_{narrow\infty}.\int\Omega \mathrm{n}\{|x|>R\}|(|\nabla u_{\tau}|^{\mathit{2}}\iota-\lambda u|^{2}n)dx$ ,
5. $S\nu^{\frac{2}{x_{j}^{2^{*}}}}\leq\mu_{x_{\mathrm{J}}}$ , $S_{\lambda}v^{\text{ }}$ $\leq\mu_{\infty}$ $\forall x_{j}\in S$ . $\square$
$\mathrm{p}_{\mathrm{r}\circ_{\mathrm{P}^{\circ \mathrm{S}}}}\mathrm{i}\mathrm{t}\mathrm{i}\circ \mathrm{n}$ $4.1$ l $L^{2_{-\mathrm{n}}^{*}}\circ \mathrm{r}\mathrm{n}\mathrm{l}$
norm 1. local concentration
$\nu_{x_{\mathrm{J}}}$ leaking out $v_{\infty}$ –
5 Proposition4.1
5 Sketch of Proof of the Main Theorem
$N-d=1$
:
Step 1: concentration $\nu_{x_{j}}$ , leaking out v minimizing
sequence
Step 2: concentration $\nu_{x_{g}}$ , leaking out $v_{\omega}$
Step 3: Step 1 $\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{i}\mathrm{l}\mathrm{n}\mathrm{i}\mathrm{z}\mathrm{i}\mathrm{n}\mathrm{g}$ sequence concentration $\nu_{x_{j}}$ , leaking
out $\nu_{\infty}$ Step 2
29
Step 1: construction of a good minimizing sequence
$(u_{n})\subset M=\{u\in H_{0}^{1}(\Omega)|||u||_{2^{*}}^{2^{*}}=1\}$ nimizing sequence
‘ $I_{\lambda}(u_{n}) arrow S_{\lambda}=\inf_{u}$ $I_{\lambda}(u)$
leaking out $(u_{n})$ normalize
minimizig sequence $(v_{n})$ :





Lemma 51 $(v_{n})$ $\text{ }(u)=\frac{1}{2}\int.\Omega|\nabla u|^{2}dx-\frac{\lambda}{2}\int\Omega|u|^{2}dx-\frac{1}{2^{*}}\int_{\Omega}|u|^{2^{*}}dx$ Palais-
Smale $\square$
$I_{\lambda}(u)$ translation-invariance $\Omega_{0}$ $v_{n}$ $L^{2^{*}}- \mathrm{n}\mathrm{o}\mathrm{r}\ln$
Lemma 52 $(v_{n})$
(1) $||v_{n}||^{2^{*}}2^{*}=S^{\frac{1}{\lambda 2-1}}$ $\forall n$ .
(2) $\exists\delta>0s.t$ . $\int_{\Omega_{0}}|v_{n}|^{2^{*}}dx\geq\delta$ $\forall n$
$(v_{n})$ Proposition 4.1 Lemma 5.2 (1) :
$S\subset\overline{\Omega}_{\text{ }}S$ positive weights $(\nu_{\iota_{\mathrm{J}}}.\cdot., \mu.\cdot\}iJ)_{x_{j}\in S}$ ,
nonnegative numbers $(\nu_{\infty}, \mu_{\infty})$ $v\in H_{0}^{1}(\Omega)$ :
$v_{n}arrow v$ weakly in $H_{0}^{1}(\Omega)$ (1)
$S_{\lambda}^{2\overline{-}2}=||v||_{2}2!+ \sum \mathcal{U}+xj\nu_{\infty}x_{j}\in S$
(2)
$\nu_{x_{j}}=\lim_{\epsilonarrow 0n}\limarrow\infty\int_{\Omega\cap B(x}\epsilon)dj;|vn|^{2^{\mathrm{s}}}X$ , $\mu_{x_{j}}=\lim 1\epsilonarrow 0narrow\infty \mathrm{i}_{\ln}\int_{\Omega\cap B}(x_{\mathrm{J}};\epsilon)|\nabla v_{n}|2dX$ (3)
$\nu_{\infty}=\lim_{Rarrow\infty}\lim_{narrow\infty}\int_{\Omega\cap\{||\}}x>Rd|v_{n}|^{2^{*}}x$, $\mu_{\infty}^{\lambda}=\lim_{Rarrow\infty}\lim_{\infty narrow}\int_{\Omega\cap\{||>\}}xR(|\nabla v|^{2}n-\lambda|v|^{2}n)dx$ (4)
$S\nu_{x_{j}}^{\overline{2}}2r\leq\mu_{x_{j}}$ , $S_{\lambda}\nu_{\infty}^{\overline{2}^{\mathrm{T}}}2\leq\mu_{\infty}^{\lambda}$ $\forall x_{j}\in S$ (5)
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Step 2. Estimates for bubbles
concentration, leaking
Lemma 53 $\nu_{x_{j}},$ $\nu_{\infty}$
(1) $\nu_{x_{j}}\neq 0\Rightarrow v_{x_{\dot{J}}}\geq s\frac{2}{2-2}.$ ,
(2) $\nu_{\infty}\neq 0\Rightarrow\nu_{\infty}\geq s^{\frac{2^{*}}{\lambda 2-2}}$
proof.
$\phi_{x_{j}}^{\epsilon}\in C_{0}^{\infty}(\Omega)$
supp $\phi_{x_{j}}^{\epsilon}\subset B(x_{j};\epsilon),$ $\phi_{x_{j}}^{\epsilon}=1$ in $B(x_{j}; \frac{\epsilon}{2})$ , $0\leq\phi_{x_{j}}^{\epsilon}\leq 1$
$x_{j}$ concentration function,
$\phi_{\infty}^{R}\in C^{\infty}(\Omega)$
supp $\phi_{\infty}^{R}\subset\Omega\backslash B(0;R),$ $\phi_{\infty}^{R}=1$ in $\Omega\backslash B(0;R+1),$ $0\leq\phi_{\infty}^{R}\leq 1$






Step 3. Exclusion of concentration and leaking
$(v_{n})$ concentration, leaking
$\bullet$ concentration :
(2) $\nu_{x_{j}}\leq$ S Lemma 3.1 $(S>S_{\lambda})$




$S=\phi$ Lermna 4.1 (1), (3) $. \int_{\Omega_{0}}|v_{n}|^{2^{*}}dxarrow\int_{\Omega_{0}}|v|^{2^{*}}dx$
Lemma 5.2 (2) $v\neq 0$
(2) $S=\emptyset$ $\nu_{\infty}<S^{\frac{2^{\text{ }}{\lambda 2}}}$ Lenuna 5..3 (2)
$\nu_{\infty}=0$
$v_{n}-v$ weakly in $L^{2^{*}}(\Omega),$ $||v_{n}||_{2}2^{*}*arrow||v||_{2^{*}}^{2}*=s^{\frac{2}{\lambda 2^{*}-2}}$ $<\mathrm{A}$ $L^{2^{*}}$




Remark 5.1 $\nu_{\infty}\geq S^{\frac{2^{*}}{\lambda 2-2}}$ lower term
Brezis-Nirenberg leaking out $v_{\infty}$ exclusion
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